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Abstract 

For a prime p and an integer it with gcd(u, p) = 1, we define Fermat 
quotients by the conditions 

q p (u) = - (mod p), < q p {u) < p - 1. 

p 

D. R. Heath-Brown has given a bound of exponential sums with TV 
consecutive Fermat quotients that is nontrivial for N > p 1 / 2+e for any 
fixed e > 0. We use a recent idea of M. Z. Garaev together with a 
form of the large sieve inequality due to S. Baier and L. Zhao, to show 
that on average over p one can obtain a nontrivial estimate for much 
shorter sums starting with N > p £ . We also obtain lower bounds on 
the image size of the first iV consecutive Fermat quotients and use it 
to prove that there is a positive integer n < p 3 / 4 +°( 1 ) such that q p (n) 
is a primitive root modulo p. 
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1 Introduction 



1.1 Previous results 

For a prime p and an integer u with gcd(w,p) = 1 the Fermat quotient q p (u) 
is defined as the unique integer with 

q p (u) = (mod p), < q p (u) < p — 1. 

P 

Fermat quotients appear and play a very important role in a variety of 
problems, see 0, HU [121 [15], [19j [21] and references therein. 

In particular, Heath-Brown [2] has considered the exponential sums 



N 



S p (a;N)= ^ e p( a q P ( n ))i a G Z, 



n=l 
gcd(n,p)=l 



where for an integer r > 1 and a real 2; we define e r (z) = exp(2niaz/r), 
and noticed that using the Polya- Vinogradov and Burgess bounds (see [TBI 
Theorems 12.5 and 12.6]) leads to the estimate 



max 

gcd(a,p)=l 



\S p {a; N)\ < N i-V»p{v+V/^+o(i) (1) 



with any fixed integer v > 1 (in fact in [TU Theorem 2] it is presented only 
with v = 2 but the argument applies to any u, see also [H Section 4]). It is 
easy to see that (CD) is nontrivial for iV > p 1 / 2+e with an arbitrary fixed e > 0, 
but becomes trivial for iV < p l l 2 . For longer intervals of length iV > p 1+£ , a 
nontrivial bound of exponential sums with linear combinations of s > 1 con- 
secutive values q p (u), . . . , q p (u + s — 1) has been given in [21], see also [7] for a 
generalisation. Several one-dimensional and bilinear multiplicative character 
sums, as well as sums over primes, with Fermat quotients have recently been 
estimated in [221 [23]. I n particular, by [221 Theorem 3.1], for any nontrivial 
multiplicative character rj modulo p, we have 



A' 



^pW) 



n=l 
gcd(n,p)=l 



< N^/» p (5»+i-)/^ 2 +°m (2) 
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with any fixed integer v > 1. Furthermore, Gomez and Winterhof [TU] 
have estimated multiplicative character sums with the s-fold products q p (n + 
d\) . . . q p (n + d s ) over intervals of length A" > p 3 / 2+£ for any fixed e > 0. In 
turn, the bound of [10] has been used by Aly and Winterhof [lj to study 
some Boolean functions associated with Fermat quotients. 
The image size 

I P (N) = #{g p (n) : 1 < n < N, gcd(n,p) = 1} 

of the first A" Fermat quotients, has also been studied. We note that since 
q p (l) = 0, the smallest iV with I P (N) > 1, that is frequently denoted by £ p , 
corresponds to the smallest nonzero Fermat quotient and has been studied 
in a number of works, see (H [11], [121 HS1 EES] . It is also shown in [23] that for 
any fixed e > and sufficiently large p, we have I P (N) = p for iV > p 463 / 252 + £ 
and I p (N) =p + o{p) for > p 3 / 2 + £ . 

Most of these above results depend on the following well-known property 
of Fermat quotients: 

q p {uv) = q p {u) + q p (v) (mod p), (3) 
see, for example, (SJ Equation (3)], which is also used here. 

1.2 Our results 

Here we show that on average over primes p one can obtain a stronger bound 
than ([!]), which is nontrivial for N > p £ . This result is based on a com- 
bination of the idea of Heath-Brown [14J to interpret the sums S p (a; N) as 
multiplicative character sums with the approach of Garaev [S] of estimating 
the maximal value of such sums via the large sieve inequality. However, here 
instead of the classical form of the large sieve inequality, used in [9], we use 
the version of Baier and Zhao [3], where the averaging is taken over square 
moduli. Our proof follows quite close to that of [9J Theorem 3] however we 
allow the length of the corresponding sums to vary with the modulus. In 
fact our argument gives a bound on the sums with arbitrary primitive char- 
acters modulo p 2 , not necessary of order p as in the case of Fermat quotients, 
see ffTUj) below. 

However here we use some ideas of [21 J to obtain new lower bounds on the 
image size I p (N). More precisely, we study the values of for which I p (N) 
grows as a power of p. So our results somewhat interpolate between those 
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of [I], where the case I p (N) > 1 has been studied, and of [24] addressing case 
of very large values of I P (N). In turn these estimates are used to estimate 
the smallest primitive root in the sequence of Fermat quotients. 

We note that the bound (j2J), taken with a sufficiently large u, implies 
that there exists a positive integer n < p 5 / i+ °^ such that q p (n) is a primitive 
root modulo p. Here we use our lower bounds on I p (N) and also bounds of 
double character sums to improve this estimate (and replace exponent 5/4 
with 3/4). 

1.3 Notation 

Throughout the paper, p always denotes a prime number, while k, m and n 
(in both the upper and lower cases) denote positive integer numbers. 

The implied constants in the symbols L 0\ '-C' and '3>' may occasionally 
depend on the integer parameter v > 1 and the t real parameter e > 0, and 
are absolute otherwise. We recall that the notations U = 0(V), U -C V and 
V ^> U are all equivalent to the assertion that the inequality \U\ < cV holds 
for some constant c > 0. 

Finally, the notation z ~ Z means that z must satisfy the inequality 
Z < z < 2Z. 



2 Preparations 

2.1 Basics on exponential and character sums 

We recall, that for any integers z and r > 1, we have the orthogonality 
relation 

E (h ,_(r, if z = (mod r), , . 

Gr[0Z) ~ \ 0, if z^O (modr), [V 

-r/2<b<r/2 k V ' 

see [HI Section 3.1]. 

We also need the bound 

K+L [ r I 

e r (bn) < min < L, — V, (5) 

n=K+l ^ ' ' 

which holds for any integers 6, K and L > 1 with < |6| < r/2, see [T6l 
Bound (8.6)]. 
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We also refer to [THl Chapter 3] for a background on multiplicative char- 
acters. 

The link between multiplicative characters and exponential sums is given 
by the following well-known identity (see [TH Equation (3.12)]) involving 
Gauss sums 

r 

v=l 

defined for a character \ modulo an integer r > 1: 

Lemma 1. For any multiplicative character \ modulo r and an integer b 
with gcd(6, r) = 1, we have 

r 

X(b)r r (x) = ^2x(v)e r (bv), 

v=l 

where \ is the complex conjugate character to \- 

By [HI Lemma 3.1] we also have: 
Lemma 2. For any primitive multiplicative character \ modulo r we have 

\r r (x)\ = r 1/2 . 

As usual, we use fj,(d) and (p(d) to denote the Mobius and the Euler 
functions of an integer d > 1, respectively. We now mention the following 
well-known characterisation of primitive roots modulo p which follows from 
the inclusion-exclusion principle and the orthogonality property of characters 
(see, for example, [201 Excercise 5.14]). 

Lemma 3. For any integer a, we have 

p— 1 fi(d) yr-^ . . J 1, if a is a primitive root modulo p, 

tp(p- 1) ^ ip(d) ^ ~ I 0, otherwise, 

' d\p-l ^ V ' ord V =d k 

where the inner sum is taken over all ip(d) multiplicative characters modulo 
p of order d. 
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2.2 Double sums of multiplicative characters 



We now recall a result of A. A. Karatsuba, see [17J or [TU Chapter VIII, 
Problem 9]. 

Lemma 4. For any nontrivial character 77 modulo p, and arbitrary sets 
A, B C {0, 1, . . . ,p — 1} ; we have 



aeA beB 

with any fixed integer v > 1 . 



< (#^) 1 - 1 /2- #Sp V4, + ( # ^)l-l/2-( # g)l/2 p l/2, 



2.3 Sums S p (a; N) and multiplicative character sums 

Heath-Brown [T3] has noticed that ([3]) implies that the sums S p (a; N) are 
essentially sums of multiplicative characters: 

Lemma 5. For any integer a with gcd(a,p) = 1 there is a primitive multi- 
plicative character \ modulo p 2 such that 

N 

S p (a;N) = J2x(n). 

n=l 

We note that the character x of Lemma [5] is of order p, however we do 
not use this property. 

2.4 Large sieve for square moduli 

We make use of the following version of the large sieve inequality for square 
moduli which is due to Baier and Zhao [3, Theorem 1]: 

Lemma 6. Let oci, . . . , ax be an arbitrary sequence of complex numbers and 
let 

K K 

A = \a n \ 2 and T(u) = a n exp(2iiiku) . 

k=l k=l 

Then, for any fixed e > and arbitrary R > 1, we have 

\T(a/r 2 )\ 2 <t:(RK) £ (R 3 + K + mm{KR 1/2 ,K 1/2 R 2 })A. 

l<r<R a=l 

gcd(a,r)=l 
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2.5 Ratios of small height in multiplicative subgroups 
of residue rings 

Let Q be a multiplicative subgroup of the group of units in the residue ring 
modulo an integer m > 1. Also, for a real Z, let N(m, Q, Z) be the number 
of solutions to the congruence 

wx = y (mod m), where < \y\ < Z, w E Q. 

We now recall [5j Theorem 1] which gives an upper bound on N(m,Q , Z). 
We note that the proof given in [5] works only for Z > m 1 / 2 (which is always 
satisfied in the present paper) ; however it is shown in ■(]) that the result holds 
without this condition too, exactly as it is formulated in [5]. 

Lemma 7. Let v > 1 be a fixed integer and let m — > oo. Assume j^-Q = t ^> 
y/m. Then for any positive number Z we have 

N{m,g,Z) < ^+l)/2^+D m -l/2(,+l)+o(l) + Z 2 t l/u m -l/u + o{l) 

3 Main Results 

3.1 Bound of exponential sums on average 

Let P and N < P 2 be two sufficiently large positive integers. Assume that 
for every p~Pwe are given an integer N p ~ N. 

Theorem 8. For every fixed integer v > 1, we have 

V max \S p {a, N p )\ 2u < (P 3 + N" + min{N u P 1/2 , N v/2 P 2 }) N u P o{1) 

^gcd(a,p)=l 

for any sequence N p ~ N, as P —> oo. 

Proof. We follow the ideas of Garaev [9, Theorem 3]. 

Using Lemma for each p ~ we choose a multiplicative character \v 
modulo p 2 such that 

max \S p (a; N p )\ = 

gcd(a,p)=l 



n=l 



(6) 
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Let M = 2N. Using (HJ), for N p ~ N we write 

N p M N p 7V_i 



n=l 



M 

m=l n=l b=—N 

j N-l N p M 

— E E e M (-bn) ^2xp(m)e M (bm). 



b=-N n=l 



m=l 



Recalling ((SJ), we derive 



n=l 



2V-1 x 

ran 



b=-N 



E*p( m ) e M (bm] 



m=l 



Therefore, writing |6| = |6|( 2i/ x )/ 2v \b\ 1 / 2l/ , the Holder inequality yields 
bound 



E^ ( 



n. 



n=l 



2u 



b=-N 



M 



m=l 



2u 



Thus, by (J6]) we obtain 



N-l 

p~F b=—N 



where 



I4 = E 



Ai 



E *p( m ) e M(pm) 



m=l 



2i> 



We now note that 



M 



K 



E ^( m ) e M(&m) = e pbA k )x P {k), 



\m=l 

where K = M v and 



k=l 



M 



Pb 



= E e M( & ( m i + • • • + rn„)). 



mi,...,m„=l 
mi...m„=fc 



Using Lemma [TJ we write 



' M \ V K p 2 

5^X P (m)e M (M =^PbA k ) — 7=^Y1 
v m=l / fc=l VUpJ „ =1 



X-»e p2 (/w). 



Changing the order of summation, by Lemma [2] and the Cauchy inequality, 
we obtain, 



M 



m=l 



2u p 2 
u=l 



A' 



fc=i 



Therefore 



A' 



y^p b;i/ (fe)e p 2(fa 



fc=i 



Using the standard bounds on the divisor function, see [HI Bound (1.81)] we 
conclude that 

\p b Ak)\< E 1 = k ° {1) 

•m\...m v =k 

as k — >■ oo. Hence, we now derive from Lemma 

U b < (P 3 + N U + imn{N u P 1 ' 2 , N v/2 P 2 }) N u P o{1 \ 

which after substitution in ([7]) concludes the proof. □ 

In particular, taking a sufficiently large u, we obtain a nontrivial bound 
on average of very short sums. 

Corollary 9. For any fixed e > and 5 > £/iere exists k > snc/i £/ia£ /or 
all p ^ P except for 0{P 1 ^ 2+S ) of them, we have 

max |5p(a, iVp)| < N p p~ K , 

gcd(a,p)=l 

/or any sequence N p ~ iV, wift some N > P e . 
Proof. Taking z/ = [3/e], we obtain from Theorem [8] 

V max \S p (a,N p )\ 2u < N 2u P l / 2+ °^. 

— J gcd(a,p)=l 



p~P 



So for k = 0.95 /u, we see that the inequality 

max \S p (a,Np)\ > N p p~ K 

gcd(a,p)=l 

holds for at most pi/2+™+°(i) = Q(P 1 / 2+s ) primes p ~ P. □ 

Furthermore, taking v = 3 we derive 

Corollary 10. For any fixed e > there exists 5 > such that for all p ~ P 
except for O^P 1 ^ 5 ) of them, we have 



max 

gcd(o,p)=l 



|S p (a,iV p )| <N pP -V 12+e 



for any sequence N p ~ iV, wrf/i some iV > P 5 ^ 6 . 

We note that the bound of Corollary [TD] is stronger than that of ([T]) for 
N < p 10 / 11 . 

3.2 Image size 

Here we give some lower bounds on the image size I P (N). 

First we consider the case of large values of N, for which use an argument 
of the proof of J2TJ Theorem 13]. 

Theorem 11. For every p and N < p, we have 

N 2 



I P (N) > (1 + (1)) 



p(logiV) 2 ' 



Proof. Let Q P (N, a) be the number of primes £ G {1, . . . , N} with q p (£) = a. 
Clearly, by the prime number theorem 

N 

J2Q P (N,a) = (1 + (1)) 

o=0 S 

We now use the trivial estimate 

p— i p— l 

^g p (iV,a) 2 <^g p (p-l,a) 2 

a=0 a=0 
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and recall that by [21, Bound (17)] the last sum is 0(p). 
Since by the Cauchy inequality we have 

'p-i \ 2 p-i 

^Q p (iV,a) </ p (iV)^Q p (iV,a) 2 , 

,O=0 / a=0 

the result now follows. □ 

For small values of N we use an argument similar to that of the proof 
of [2H Theorem 11]. 

Theorem 12. For every p and arbirary fixed e > there exists some 5 > 
such that for p e < N < p we have 

I p {N) > p 5 . 

Proof. Let 

W P (N) = {(u,v) : 1 < u,v < N, q p (u) = q p (v)}. 
We see from (J3]) that if (u,v) G W P (N) then for 

w = u/v (mod p 2 ) (8) 

we have 

q p (w) = q p (u) - q p (v) = (mod p). 
Since all values of w with q p (w) = (mod p) and gcd(w,p) = 1 satisfy 

w' p ~ l = 1 (mod p 2 ), 

they are elements of the group Q v of the pth power residues modulo p 2 . Thus 
we see from (JH]) that 

#W(p)<N(p 2 ,G p ,N), 
where N(m,Q , Z) is as in Section [231 In particular, using Lemma [7] gives 

#w(p) < j\y /2i ^ +1)+o(1) + jv 2 p -vw- (i) _ 

Taking as the smallest integer that satisfies the inequality, 

1 £ 



2v(v + 1) ~ 2' 
11 



we obtain for this v, 

#W(p) < N 3 / 2+ °^ + ivV 1/l/+o(1) . 

Since 

p—i p— 1 

E flp(#» a ) = ^ and X a ) 2 = # w ^> 

a=0 a=0 

where R P (N, a) is the the number of positive integers n < N with q p (n) = a, 
as in the proof of Theorem [Til using the Cauchy inequality we derive the 
desired result. □ 



3.3 Smallest primitive roots 

Our bound on the smallest primitive roots among the values of the Fermat 
quotients is based on the congruence ([3]), Lemma @] and the results of Sec- 
tions 13.21 

Theorem 13. For every p, there exists n < p 3 / 4 +°( 1 ) such that q p (n) is a 
primitive root modulo p. 

Proof. Let us fix some e > and put 

U = \p 3/4+£ ] and V = \p £ ] . 

By Theorem [TTJ and Theorem [12], we have 

W) > p 1/2+s and I P (V) > p s , 

respectively. Furthermore, let U C {1, . . . , U} and V C {1, ...,V} satisfy 
#W = : ueU} = I p {U) and #V = #{q p (v) : v E V} = I p {V), 

respectively. 

Taking a sufficiently large v in Lemma H] we obtain that there is some 
K > depending only on S (and thus only on e) such that for any nontrivial 
character rj modulo p, we have 

EX^terM + Qp(v)) « #W#Vp- K . (9) 

new «ev 
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Let T be the number of primitive roots of the form q p (u) + q p (v) with u GW 
and nGV. By Lemma [3], we have 



r yF 1 ueU veV d\p-l ^ V ' ord77=d 

P_! nE£i E EE ■»(*(») +*<•»■ 



^ dip— 1 ^ ^ ord n=duEU v 



d\p— 1 ord r]=d u£U v£V 

Separating the contribution (p — l)=ffU=ffV/<p(p—l) of the principal character 
and using (jUJ), we derive 

Recalling the well-known estimates on the divisor function 



Ei 



s 



o(l) 



</|s 



as s — > oo, see [T3| Theorem 317], we obtain that T > 0. Thus there are 
u G U and t> G V such that g p (-u) + q p (v) is a primitive root modulo p. 
Recalling ([3]) we see that for n = uv < UV < 2p 3 / 4+2e the Fermat quotient 
q p (n) is a primitive root modulo p. 

Since e is arbitrary, the result now follows. □ 

In particular, we see that for any d | p — 1 there is a small <ith power 
nonresidue modulo p (that is, an integer which is not a dth power modulo p) 
among Fermat quotients. 

Corollary 14. For every p and positive integer d \ p — 1 there exists n < 
p3/4+o(i) suc ^ g p (ji) i s a dtfo power nonresidue modulo p. 



4 Comments 

We remark that a full analogue of (CEJ) also holds for sums over shifted intervals 
[L + 1 , L + N] uniformly over L. However, the method of proof of Theorem [8] 
applies only to initial intervals. 
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We also notice that taking v slowly growing with p and estimating Pb,v{k) 
more carefully, as in [9], one can obtain bounds on average of even shorter 
sums than in Corollary [9j Also as in [9] , one can estimate short exponential 
sums of Fermat quotients taken over primes I rather than over consecutive 
integers. Note that no "individual" bound of such sums is known. 

Clearly, our results apply to sums of arbitrary primitive characters modulo 
p 2 giving, for every fixed integer v > 1, the bound 

< (P 3 + N U + mm{N"P 1/2 , N u/2 P 2 }) N u P o{l \ (10) 

where X* is the set of primitive multiplicative characters modulo p 2 , for any 
sequence N p ~ N, as p — > oo. Using the results of [2] one can also obtain 
similar (albeit weaker) estimates modulo p k with an arbitrary fixed k > 2. 

Furthermore, it has been conjectured by Zhao [25] (see also [3]) that the 
bound of Lemma [6] holds in the form 

r 2 

\T{a/r 2 )\ 2 <€.{RK) e (I? + K)A 

l<r<R a=l 

gcd(a,r)=l 

(which corresponds to shape of the classical large sieve inequality). In this 
case we obtain that for any fixed e > there exists 5 > such that for all 
p ~ P except for 0(P 1-5 ) the bound 

max \S p {a,N p )\< N 1/2 p 1/3+e , 

gcd(a,p)=l 

holds for any sequence N p ~ N, with some N > p, which is stronger than (ITj). 

Finally, we notice that although Theorem [T3l shows the existence of small 
primitive roots modulo p, the only known bound of multiplicative character 
sums 02]) is nontrivial only for iV > p 5 / 4+e . Estimating shorter sums, either 
for every p or on average over p, is an interesting open question. 
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max 



n=l 



11 
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